We report on the focalization of Bogoliubov-de Gennes excitations of the nonlinear Schrödinger equation in the defocusing regime (Gross-Pitaevskii equation for repulsive Bose-Einstein condensates) with a spatially modulated periodic potential. Exploiting the modification of the dispersion relation induced by the modulation, we demonstrate the existence of localized structures of the Bogoliubov-de Gennes excitations, in both the linear and nonlinear regimes (linear and nonlinear "bullets"). These traveling Bogoliubov-de Gennes bullets, localized both spatially and temporally in the comoving reference frame, are robust and propagate remaining stable, without spreading or filamentation. The phenomena reported in this Letter could be observed in atomic Bose-Einstein condensates in the presence of a spatially periodic potential induced by an optical lattice. DOI: 10.1103/PhysRevLett.118.044103 The nonlinear Schrödinger equation (NLSE) [5] , and Bose-Einstein condensates. In the latter system, the NLSE is known as the Gross-Pitaevskii equation [6] . The NLSE, despite its apparent simplicity, supports a variety of fascinating nonlinear structures like solitons, breathers, recurrences, etc., hence being an attractive and rich model both in the description of natural phenomena and in technology-oriented research areas.
The nonlinear Schrödinger equation (NLSE) is one of the most important equations of mathematical physics. It is a universal model for nonlinear dispersive waves in many conservative physical systems including fluids [1, 2] , optical fibers [3] , plasmas [4] , magnetic spin waves [5] , and Bose-Einstein condensates. In the latter system, the NLSE is known as the Gross-Pitaevskii equation [6] . The NLSE, despite its apparent simplicity, supports a variety of fascinating nonlinear structures like solitons, breathers, recurrences, etc., hence being an attractive and rich model both in the description of natural phenomena and in technology-oriented research areas.
In particular, the localized solutions of the NLSE and its generalizations have attracted considerable attention, and a huge amount of the scientific literature has been devoted to characterizing their existence and stability in various spatial dimensions.
Written in a normalized form, the NLSE, for the temporal evolution of the field amplitude Aðr; tÞ defined in spacer and evolving in time t, reads
where c is the nonlinearity coefficient and ∇ 2 the Laplace operator.
It is well known that the one-dimensional NLSE supports solitons in the strict mathematical sense, for focusing nonlinearity (c > 0). Zakharov and Shabat showed that a bright soliton solution exists [7] : In this case, the effects of nonlinear focusing and diffractive spreading are counterbalanced, and spatially localized nonlinear modes are stable. Bright solitons of the NLSE have been observed in nonlinear optics [8] . In fiber optics, solitons provide a powerful tool for optical communication systems [9] .
If a finite field background is present, coherent structures localized in space and in time, exhibiting periodic oscillations, the so-called breathers, have been predicted analytically [10] [11] [12] and observed experimentally [13] . Furthermore, new solutions on the finite background can be constructed by using refined mathematical techniques [14] showing the incredible richness of the NLSE.
For c < 0, the NLSE is defocusing, and its homogeneous solution (the condensate) is stable. In this case, the NLSE supports the existence of vortices and dark or gray solitons [8] but not the bright soliton. Simply speaking, this is because both the diffraction and the nonlinearity tend to spread (defocus) the excitations over the homogeneous background. There is no counterbalancing effect.
A modified NLSE, which includes dissipative and higherorder nonlinear terms, can support stable localized solutions [15] . Even though an analytical soliton solution cannot be found in these cases, such localized solutions are nevertheless called solitons in a broad sense of the definition.
The excitations of small amplitude waves on the homogeneous solution, A 0 , are the so-called Bogoliubov-de Gennes (BdG) modes. They are generally more widely considered in the context of Bose-Einstein condensates (BECs) [16, 17] , where they correspond to density waves over the bulk homogeneous background.
The homogeneous field amplitude, perturbed by the weak Bogoliubov modes, can be written in the following form:
Aðr; tÞ ¼ A 0 expðicjA 0 j 2 tÞ½1 þ b þ ðr; tÞ expðik ·rÞ þ b − ðr; tÞ expð−ik ·rÞ;
where jb þ j; jb − j ≪ jA 0 j. Substitution in Eq.
(1) leads to the evolution equation for the excitation mode b þ and its coupled b
From Eqs. (3a) and (3b), one can obtain the dispersion relation of the BdG modes:
, while k ∥ and k ⊥ are, respectively, the wave vectors in the parallel and orthogonal directions with respect to the (arbitrarily selected) propagation direction of the BdG waves. The BdG mode wave packet in the linear regime (small c and when BdG excitations amplitudes are small with respect to the background) spreads along and transverse to the propagation direction due to parabolic dispersion. The spreading is even stronger in the nonlinear regime (large c and/or large BdG excitation amplitudes) due to the defocusing nonlinearity. It is well known that a spatial, periodic modulation of the potential of the NLSE can strongly modify the dispersion [Eq. (4)], introducing forbidden frequency bands and modifying the slope and curvature of the dispersion curves. It is exploited, for example, in photonic crystals for self-collimation [18] [19] [20] and focusing effects [21, 22] . When the sign of the curvature reverses, it allows the existence of certain localized structures, the band-gap solitons, even for defocusing nonlinearity [8, [22] [23] [24] .
In this Letter, we explore numerically the effects of a periodic potential on the BdG excitations of the NLSE. Specifically, we show the existence of spatiotemporally localized (in the comoving reference frame), stable in propagation over a finite field background, bullets of the BdG excitations in both the linear and nonlinear regimes. The existence of bullets in nonlinear dispersive systems is due to a fine balance between the nonlinearity, spatial diffraction, and temporal dispersion and was first proposed by Silberberg for self-focusing nonlinearity [25] . Some experimental works have demonstrated the propagation of such light bullets [26, 27] , which have been found to be stable for finite time intervals. In this work, the substantial difference from the cases mentioned above [25] [26] [27] is that we find localized structures in the case of a defocusing nonlinear system with a spatially periodic potential. The localized structures discussed in this Letter also differ substantially from the two-dimensional spatially localized, time-stationary gap solitons, demonstrated in the NLSE with a periodic potential, close to the band edges [28, 29] . There are two main differences between the BdG bullets demonstrated here and the gap solitons. First, gap solitons bifurcate from the edge of the band gap, where the curvature of the dispersion line is nonzero. Therefore, the gap solitons exist only in the nonlinear regime (when the nonlinearity compensates dispersion). The BdG bullets, as shown here, bifurcate from the inflection point of the dispersion curve, where the second derivative of ωðkÞ with respect to k is zero or close to zero. This means that, while the dispersion and diffraction are zero, the nonspreading wave packets exist also in the linear case (for low intensity of the excitations: linear BdG bullets). In the nonlinear case, the weak curvature of the dispersion curve is compensated by the nonlinearity. And second, the wellknown gap solitons, as described in the literature, are localized wave packets on a zero background; i.e., it is the condensate itself, localized in space and time. The BdG excitations, on the other hand, are defined as density excitations of the nonzero background.
The numerical visualization of dispersion.-We consider the NLSE describing the evolution of a complex field Aðx; yÞ defined in two spatial dimensions with a 2D spatially modulated periodic "egg-box" potential:
where q x and q y are the modulation wave numbers along the directions x and y, respectively, m is the amplitude of the modulation, and the nonlinearity coefficient c < 0 (defocusing regime).
Withk ¼ ðk x ; k y Þ being the spatial wave numbers and ωðkÞ the temporal frequency, the dispersion curves of the modulated NLSE system can be numerically extracted from the simulation of the perturbed NLSE [30] . On a homogeneous nonzero background, we introduce a random δ-correlated perturbation and allow the system to evolve for a certain time T, recording the field amplitude Aðr; tÞ values in the entire space and time domain. Its spectrum Aðk; ωÞ is obtained through a simple Fourier transformation.
For every fixed value of ω, the set of obtained wave numbers (k x ; k y ) constitutes the so-called isofrequency curves. In the absence of modulation (and for small nonlinearity c), the dispersion of the defocusing NLSE has the shape of a paraboloid, as given by (4) , and the isofrequency curves are concentric circles with an increasing radius for increasing values of ω. In this isotropic regime, the isofrequency lines have negative curvature, meaning that different components of a wave packet will acquire an angular phase dependence and any BdG excitations will spread.
The introduction of the spatially modulated potential breaks the isotropy near the band edges, by forbidding propagation in certain directions for some frequency bands. More interestingly, the curvature of the isofrequency lines changes from negative to positive as one approaches the band edge from below. The transverse inflection point (at ω ∼ ω sc ), that is, the point of zero curvature (flat curve) where the sign changes from negative to positive, can sustain spatial solitons, i.e., beams which propagate without spreading (self-collimation). The different scenarios are depicted in
Analogously, the chromatic dispersion curve [see Fig. 1(b) ] also changes the sign of curvature, passing through an inflection point (flat curvature). A wave packet whose spectrum is tightly centered around the frequency ω inf (longitudinal inflection point) will undergo little to no temporal spreading upon propagation and is called a temporal soliton. When the spatial and temporal soliton frequencies coincide, one can expect to have a spatiotemporal soliton, known in the literature as a "bullet" or a "light bullet" in the case of optics. Such bullets have previously been shown in a nonlinear, focusing medium, but neither in a defocusing medium nor on a finite nonzero field background.
Linear Bogoliubov-de Gennes bullets.-In the limit of weak nonlinearity, i.e., for small values of c and/or jA 0 j 2 , the discussion presented in the previous section suggests that if one introduces a wave packet with the central wave vector corresponding simultaneously to both the transverse and longitudinal inflection points, on top of the finite background, then the wave packet will propagate without diffracting in space and without spreading in time. We call these solutions of the modulated NLSE linear BdG bullets.
In order to demonstrate the existence of the linear BdG bullets, we numerically introduce a wave packet of BdG excitations on the steady-state solution of the modulated NLSE [Eq. (5)] and observe its propagation. The first step therefore is to find the steady state, which corresponds to a spatially periodic Bloch mode with an (arbitrary) average amplitude A 0 and periodicities q x and q y in the x and y directions, respectively. An artificial transient step is needed to "cool" the system into the stationary Bloch solution. This is obtained by making a transformation to complex time,t → tð1 þ iϵÞ, with 0 < ϵ ≪ 1 andintegrating Eq. (5) for a small period of time. This transformation mimics dissipation andcausesdampingofthethermalexcitationsofthecondensate [31] , allowing the system to relax to a stationary, spatially periodic Bloch mode, with average amplitude A 0 .
Once the system has settled into the ground state, the complex time transformation is removed and the system switches back to the conservative regime. This time is referenced as t ¼ 0. Hereafter, we introduce the BdG bullet envelope over the steady-state background, which is a wave packet with a Gaussian envelope, having transverse and longitudinal widths given by w ⊥ and w ∥ , respectively, amplitude a 0 , and carrier wave vectork 0 :
The propagation dynamics of the BdG bullet is observed by integrating Eq. (5) in time. The diffractive and dispersive spreading of the pulse depends on the choice of the carrier wave vectork 0 . We can have a bullet solution, for an appropriate choice ofk 0 , corresponding to both transverse and longitudinal inflection points, where the wave packet remains propagating without spatiotemporal spreading for arbitrarily long time durations.
However, Eq. (6) is not an exact bullet solution, which leads to substantial scattering when the bullet is introduced on the steady-state background. Because of periodic boundary conditions used in all the numerical simulations performed, the initial scattered radiation leads to strong noise in the system affecting the stability of the steady state and propagating pulse. For this reason, the scattered radiation is sufficiently, although not completely, filtered out of the system using a filtering mask around the central pulse, before allowing the bullet to propagate.
The choice of the wave vectork 0 also imposes the direction of the pulse propagation. By contrast, in the unmodulated defocusing NLSE, any choice ofk 0 would result in a spreading of the wave packet. In Fig. 2 , we demonstrate the stable propagation of the linear BdG bullet, in which the amplitude of the bullet has been chosen to be small compared to that of the background (see Fig. 2 parameters) .
The propagation over a long time interval results in negligible dispersive or diffractive broadening of the bullet, while, on the other hand, a "normal" pulse (away from the inflection point) spreads over the entire background in this same time interval [Figs. 2(b) and 2(c)] .
A movie showing the propagation of a linear bullet and a normal pulse is provided (see Supplemental Material, Movie 1 [32] ).
Nonlinear self-focusing of wave packets.
-If the nonlinearity coefficient c, the field intensity jAj 2 , and/or the bullet amplitude a 0 are large, the nonlinearity has a more pronounced effect. In the presence of an anomalous diffraction, the diffraction and nonlinearity play opposite roles, and generally three effects can occur-spreading, focusing, or confined propagation of a pulse-depending on the parameters. In Fig. 3 , we show an example of selffocusing (filamentation) of large amplitude BdG excitations upon propagation.
Nonlinear Bogoliubov-de Gennes bullets.-The observation of the nonlinear focusing (Fig. 3) , in both the longitudinal and transverse directions, is the prelude for the observation of the BdG bullets, which are spatiotemporally localized excitations formed by a superposition of nonlinear dispersive waves propagating on top of the finite nonzero background. At variance with the linear BdG bullets, the nonlinear bullets have an amplitude comparable to that of the background and are obtained for a much larger nonlinearity coefficient (see Fig. 4 parameters) . We find indeed that, even in the presence of a considerable amount of nonlinearity, coherent structures localized in both spatial dimensions and in time, the nonlinear BdG bullets, can propagate without deformation for an arbitrarily long time due to the fine balancing between the nonlinearity and diffraction. The results are summarized in Fig. 4 .
For solitons, there generally exists a family of solutions, relating the soliton width and amplitude. We explore numerically such families of soliton solutions, for different coefficients of nonlinearity c, by scanning the parameter space (a 0 , w), where a 0 is the amplitude and w is the width of the beam.
We measure the scaling of the intensity versus the width of the soliton bullet, which is plotted in Fig. 4(a) . The scaling obeys the following proportionality relation I ∝ 1=w 2 , which agrees with the analytical predictions for solitons in general. This result, when plotted as a loglog graph, results in a straight line, as presented in Fig. 4(b) .
One such solution (denoted by the black arrow) from the families of solutions is plotted in Fig. 4(c) . The plots show snapshots of the bullet in the x-y plane at different times. The excited wave packet at t ¼ 0 corresponds to the wave packet after filtering out the initial scattered radiation. We see that the shape and width of the pulse remain virtually unchanged through the temporal evolution. A movie showing the propagation of this nonlinear BdG bullet, in comparison to a diffracting pulse, is provided (Supplemental Material, Movie 2 [32] ).
The stability of both linear and nonlinear BdG bullets is guaranteed by the fact that they coexist in their evolution, without breakup or deformation, with the residual (after filtering) scattered noise present in the system upon introduction of the bullet on the background. A quantitative analysis of the stability of the BdG bullets with respect to perturbative noise is provided in Supplemental Material [33] . Conclusions.-Through numerical simulations of the two-dimensional NLSE, in the defocusing regime with a spatially periodic potential, we have provided evidence for the self-focusing dynamics and localized bullets of the BdG excitations. The most critical condition for obtaining the bullets is the choice of the central wave vector, which should correspond to both transverse and longitudinal inflection points.
The BdG bullets could be possibly observed experimentally in defocusing atomic BECs in the presence of a periodic potential induced by an optical lattice.
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